Abstract: We propose a novel design to enhance third harmonic generation (THG) using individual Au nanorods (NRs) coated with gain materials. The present design avoids the use of conventional gap systems, where complicated semiconductor techniques must be used in order to realize the corresponding high-resolution planar structures. As such, this design can contribute to a significant THG enhancement from nanoparticles; this THG is especially favorable for many applications (e.g., photovoltaic devices, bioimaging, and therapy). We perform numerical simulations using a finite-difference time domain (FDTD) in order to identify the origin of the enhanced nonlinear response based on the present system. In addition, we present an effective method to characterize the third harmonics by using Fourier analysis separating them from the excited light. The results show that the THG enhancement of the gain-assisted Au NR with a critical gain coefficient is one to two orders of magnitude greater than the highest values reported for gap THG systems.
Introduction
Localized surface plasmon resonance (LSPR) is obtained by confining the electronic field to a metallic nanoparticle (NP) with size comparable to, or smaller than, the wavelength of the exciting light. The locally enhanced electromagnetic field near the plasmonic nanostructures can be used in various applications ranging from solar cells [1] to bio-probe based imaging [2] , surface enhanced Raman scattering (SERS) [3] , and cancer therapy [4] . In addition to the enhanced the local electronic field, researchers are currently devoting more attention to optical frequency upconversion based on LSPR, e.g., second harmonic generation [5] - [14] , third harmonic generation (THG) [15] - [20] , and four-wave mixing [21] - [23] . These optical upconversion effects by using LSPR can be widely applied in various fields. For example, an NP layer with optical upconversion can be placed at the back of the solar cells to enhance THG by converting some of the near-infrared (NIR) photons to absorbable wavelengths [24] . Moreover, NPs with NIR-excitation and visible emission are well-suited for a number of biomedical applications, owing to their excellent properties. These properties include good penetration depth and low bio-toxicity under longwavelength excitation [25] , and high detectability of optical microscopes and photosensitivity of laser treatments (e.g., photodynamic therapy) in the visible emission range [26] .
However, many applications of plasmonics and metamaterials are prone to losses inherent to the interaction of light with metals and hence, the near-field enhancement of individual metallic NPs is insufficient for nonlinear upconversions. Regarded as one of the most effective methods to substantially enhance the LSPR, there is currently significant interest in the construction of various gap systems. These systems are constructed by bringing two or more NPs in close proximity in order to enhance, by several orders of magnitude, the electric field in the hot spot [12] , [13] , [16] , [17] . The generation intensity of the higher order harmonics has also been improved by introducing specific nanostructures with large high-order nonlinear susceptibility into the corresponding gap system [14] , [18] , [19] . Although highly enhanced upconverting generations have been obtained from these systems, their characteristics are highly dependent on the precision control of the shape and position of each nanostructure in the gap system [27] . As such, these harmonic generation chips must be fabricated via complicated semiconductor techniques, e.g., electron beam lithography. In addition, the planar integrated configuration of optical gap systems is not flexible enough for above photovoltaic and biological applications.
Therefore, the development of metallic nanostructures with both significant near-field enhancement, perhaps comparable to that of a typical gap system, and flexible NP morphology, for achieving a significant enhancement of nonlinear upconversion, remains essential to actual applications.
As an alternative to gap systems, integrating plasmonic nanostructures with gain materials has been proposed as an effective strategy for local field enhancement, which compensates for the loss of conventional LSPR structures [28] . Recently, we proposed a method to significantly enhance the local field of a gap plasmonic system by placing a metallic NP in close proximity to a substrate covered with an $100 nm film that contains a gain material. Compared with a conventional dielectric substrate, the thin gain film can significantly enhance the local electric fields in the gap between the particle and the substrate; this enhancement, in turn, results in a substantially improved sensitivity of conventional SERS applications [29] .
In the present paper, we will demonstrate a novel NP-based nonlinear upconverting design by using an Au nanorod (NR) as a core, which is coated with a gain layer (that acts as a shell). Compared with the planar integrated configuration of optical gap systems, the present NR-based nonlinear upconverting design has more flexible structure so that it is well-suited for various applications including NIR light transformation and activation of solar cells and photodynamic therapy, respectively. Although the present method is equally applicable to other nonlinear processes, the THG is the only example considered in the following discussion. Moreover, we will numerically show that a small gain coefficient in the core-shell NP can induce a significantly better THG compared to that of the conventional Au-NR-based gap system.
Simulations and Discussions
As Fig. 1 shows, the proposed nanoparticles consist of an Au NR core (that provides the LSPR) covered with an optically active shell. The dispersion relationship of gold is described by the Johnson-Christy model [30] . The material of the active shell is silica-doped with optical gain inclusions (e.g., organic dyes, rare-earth ions). This structure can be fabricated according to previously published methods [31] , [32] . A similar structure has been fabricated through a chemical covalent-bonding method for serving as a plasmonic nanolaser with a spherical gold core [31] , or as fluorescence enhancement with Au NRs coated with an Oxazine-725 dye molecule-doped silica shell [32] . In the present paper, we will show that the core-shell nanostructure can be used effectively to enhance nonlinear harmonic generation. Both Au and Ag NPs with various shapes can serve as the LSPR core for the core-shell structure. However, only Au NR will be considered as an example in the present paper owing to its tunable absorption peak, which can be moved into the NIR region by increasing the corresponding aspect ratio [33] . Moreover, the Au NR is surrounded by the gain medium that overlaps spatially with the hot-spot of the local plasmonic field and whose gain spectrum overlaps spectrally with the resonant absorption. We set the refractive index of the silica shell to n À ik , where the real part (n) has a value of 1.45 and represents the refractive index of the silica, and k defines the level of optical gain. In practice, gain coefficient k can vary depending on the extent of amplification, which corresponds to an amplification coefficient of light intensity as g ¼ 4k = [34] . The gain material can be made either from dye molecules, semiconductor nanoparticles with sizes of a few nanometers, or from rare earth ions such as Er 3þ . In general, the gain coefficient is related to both the emission cross section e and the concentration N in these gain systems, which can be written as g ¼ N e , and the corresponding gain coefficient is given by k ¼ g=4 ¼ N e =4. From this formula one can find that the key toward a sufficient large gain coefficient is to have a gain system with a large emission cross section and a high concentration [28] . A gain coefficient on the order of k ¼ 0:2 corresponds to an amplification coefficient of light intensity 2:50 Â 10 4 =cm for a wavelength of 1003 nm. This amplification coefficient is readily available in this system [28] . The surrounding medium is air.
Based on the system shown in Fig. 1 , we performed a steady-state analysis, via finite difference time domain (FDTD) calculations, to determine the effect of the gain coefficient of the outer silica layer on the near-and far-field around the Au NR with gain materials as a shell. Perfectly matched layers (PMLs) were used at the boundaries of the simulation volume in order to prevent non-physical scattering at the boundaries. A mesh size of 1 nm was used in the entire calculation region containing the particle and at the substrate-environment interface, while a smaller (0.2 nm) mesh grid was used around the surface, which has a step refractive index. We chose the following parameters for the system: Au NR width, Au NR length, and thickness of the outer silica layer of 20,140, and 5 nm, respectively. The NP is illustrated under normal incidence with a continuous wave excited light, whose polarization is parallel to the long-axis direction of the Au NR. Fig. 2(a) shows the plot of the normalized electric field jEj=jE 0 j spectra for four different gain coefficients of the outer silica layer, where E is selected as the maximum electric field of the local excited light. The local near-field increases with increasing gain coefficient. In addition, the resonant peak occurs at a wavelength (i.e., the resonant wavelength) of 1003 nm, irrespective of the gain coefficient. Fig. 2(b) shows the near-field distributions at X-Z coordinate plane, at a wavelength of 1003 nm, for four different gain coefficients, denoted as A, B, C, and D in Fig. 2(a) . Fig. 2(b) reveals that a gain coefficient of 0.2 results in a field enhancement that is three times larger than that achieved without the gain effect (i.e., k ¼ 0); Fig. 2(c) shows the corresponding farfield distributions. The present NR structure can induce a 60 beam divergence. The normalized electric field jEj=jE 0 j at a wavelength of 1003 nm [see Fig. 2(d) ] also varies with the gain coefficient of the outer silica layer. As the figure shows, the current structure has an optimal gain coefficient ($0.29), at which the maximal local field enhancement ($5.3 times stronger than that without gain) can be achieved. In addition, the physical properties in Fig. 2(d) were revealed by calculating the optical spectra of extinction ðC ext Þ, scattering ðC sca Þ, and absorption ðC abs Þ cross-sections of the considered gain-assisted nanostructures [28] . Similar calculations [ Fig. 2(e) ] were also performed in this work. The figure exhibits a sharp resonance at the critical point ðk ¼ 0:29Þ, where both the scattering and absorption increase rapidly to the peak value and then decrease sharply. The extinction decreases from a large positive value at the critical gain coefficient to a large negative value, a behavior very similar to the familiar phase transition in condensed matter. These features, together with the sharp narrowing of the SPR peak, clearly indicate the induction of lasing at the critical point [28] . When the gain coefficient is smaller than the critical value, a better compensation effect of the scattering loss [see Fig. 2(e) ] can be obtained as the gain coefficient increases. However, the lasing phenomenon will occur when the gain coefficient is larger than the critical value, which induces the decrease of the local field intensity of the excited light as the coefficient further increases. Therefore, an optimal THG can be obtained when the gain coefficient equals to the critical value.
Furthermore, we will develop a transient analysis in order to calculate the third harmonics by using a pulse source with a peak power of 1.3 GW=cm 2 , 20 fs pulse width, and 1003 nm central wavelength in the FDTD simulation. In previous numerical work, dispersion-less gain coefficients were used to determine the position of the resonant scattering peak [ Fig. 2(a) ]. Each practical gain material has a corresponding specific gain spectrum. The gain level in the following discussion can be achieved with a Lorentz model when the Lorentz permittivity is negative. In the model, the real and imaginary parts of the refractive index of the gain layer are both [18], respectively, induce a nonlinear polarization P 3! ¼ " 0 3! E ! E ! E ! , where " 0 is the permittivity of free space, and E ! is the incident electric field at frequency !. Using the FDTD simulation, we obtained the final near-field distribution including resonant scattering field at frequency ! and the third harmonics at frequency 3!. When we illuminate a nano-system with a pulse light, we can easily obtain the total fields at any point in the calculation region, as shown in Fig. 3(a) . The linear component and the nonlinear harmonics must be separated from the total fields in order to calculate the conversion efficiency of the harmonics. For this purpose, we propose an effective method based on a Fourier analysis. As shown in Fig. 3(b) and (c), we can obtain the function of the spectral density for both the excitation light and the third harmonics by performing a Fourier transformation of the temporal signal in Fig. 3(a) . To obtain the final single-frequency intensity, we used ideas, which are based on the basic concept of an integral. As Fig. 3(b) and (c) show, we can discretize the distribution of the spectral density into a linear superposition of countless sufficiently narrow rectangles. In our simulation, each rectangle has a width of 10 À16 nm and is assumed to be monochromatic. Then, we can obtain the intensity of the electric fields at any reference point for both the excitation light (1003 nm) and the third harmonics (334.33 nm). If we perform the calculation at each point, we can obtain the total near-field distribution of the excitation light and harmonics, as shown in Fig. 3(d) .
We used Fourier analysis to separate the third harmonics from the excited scattering light. Fig. 4 shows the final near-and far-field distributions of the third harmonic (with 334.33 nm wavelength) for four different gain coefficients. The critical gain coefficient (i.e., 0.29) in the local near-field distribution can lead to an $15-time electric field enhancement of the third harmonics compared to that without the gain outer layer. Moreover, an $239.3 times stronger intensity of the THG can be obtained from the far-field calculation compared to that of a non-gained nanoparticle. The far-field distribution of the THG also indicates that the THG has the same beam divergence as the scattering excited light. Although the THG directly comes from the strongly enhanced electric field of the excitation light in the gain-assisted nanorod systems, one can see that the maximum areas in the electric field distributions at the THG wavelength (see Fig. 4 ) are not correlated with those at the fundamental excitation wavelength [see Fig. 2(b) ]. This is because the THG wavelength is far away from the plasmonic resonant wavelength of the Au NR [see Fig. 2(a) ] so that the mode distribution is entirely different from that at the central resonant wavelength, i.e., the fundamental excitation wavelength.
We characterized the position difference of the THG near-field distribution [see Fig. 5(a) ] by selecting three reference points located at distances of 2, 4, and 6 nm, respectively, from the center of the surface of the nanoparticle. The intensity difference between two adjacent points increases with decreasing distance from the critical gain coefficient. In addition, we calculated the THG scattering power (at 334.33 nm) as a function of the gain coefficient, as shown in Fig. 5(b) , by integrating the THG near-field around the whole envelop of the NP. The THG intensity increases significantly, with an exponential-type trend, for gain coefficients close to the critical value. In fact, the THG power at the critical value is $239.7 times higher than that without any gain coefficient in the silica layer. The local extinction field of the excited light [see Fig. 5(c) ] exhibits a similar trend. As previously discussed, we can achieve the optimal THG when the gain coefficient equals to the critical value (i.e., 0.29). In other words, the intensity of both local excited light and THG emission will decrease as the gain coefficient further increases [see Fig. 2(d) ]. Therefore, a fundamental excitation at 1003 nm can contribute to the instantaneous third-harmonic response centered at 334.33 nm. Due to the gain compensation, there only is a slight difference of the response speed between the two curves.
A THG gap system composed of two 5 nm-spaced Au NRs was also compared to the coreshell system. The width and length of the two Au NRs are the same as the aforementioned gain-assisted Au NR with the central resonant wavelength at 1003 nm. However, when a gap system with a 5 nm interval between the two Au NRs is formed, the plasmonic resonant wavelength will shift to 1028 nm [see Fig. 6(a) ]. Fig. 6(a) shows the comparison of the local electric field of the excited light at the center point of the gap for the double Au-NR system, and at a point located 2 nm from the center of the surface of the single NR system, where the gain coefficient is 0.29. Note that only optimal coefficient is considered in the comparison shown in Fig. 6 . One can find the exact THG values with other two non-optimal gain coefficients (i.e., k ¼ 0:1 and 0.2) from Fig. 4 . In a typical gap system, the intensity of the local near-field increases exponentially with decreasing size of the gap. However, the realizable gap size is limited to the resolution of the easily achievable lateral feature sizes of standard semiconductor techniques, e.g., focused ion beam and photo resist-based electron beam lithography. Therefore, the size of the gap typically exceeds 10 nm [36] . Fig. 6(a) reveals that an approximately three times higher ratio of peak intensity can be obtained between two reference points based on two different systems. Fig. 6(b) shows the comparison of generated third harmonic (334.33 nm wavelength for gap system and 342.67 nm wavelength for core-shell system) at the same observation points as Fig. 6(a) . Based on the present gain-assisted Au-NR design, the peak intensity of the THG is approximately 5.87 times higher than that based on the gap system from the double Au NRs. Fig. 6(c) and (d) compare the near-field distributions of the excited light at respective central resonant wavelength and the corresponding third harmonic, respectively, for the two THG systems. These figures reveal that the THG that uses our design is far superior to that of the conventional gap systems. Although the electric field intensity in the core-shell structure is approximately a factor of 3 higher than that in the gap structure, it is worth noting that the final THG intensity ratio (only 5.87) is far lower than the predicting ratio simply from the equation E 3 (i.e., 27). This is because the medium around the hot spots (i.e., the maximal field distribution) is completely different for two THG systems. From Fig. 6(c) , one can see that most of the hot spot is localized in the silica shell for the core-shell system. However, most hot spots exist in the air for the gap system. Only a little spreads across the Au surface. The third-order nonlinear susceptibility of Au outclasses that of silica.
Conclusion
In conclusion, we have presented a novel THG design by using a gain-assisted Au NR, which, owing to its NP morphology, has flexibility that is well-suited for actual applications. As such, this Au NR can be fabricated simply, without the need for high-resolution semiconductor techniques, and contributes to a super-high efficiency THG. By using FDTD simulation and Fourier analysis, we successfully separated the third harmonics from the total fields of the excitation laser. Results revealed the outer gain layer has an optimal gain coefficient, where an $239.7-fold third harmonics can be obtained compared to those using the same structure without the gain coefficient. The results also show that the THG enhancement of the gain-assisted Au nanorod with a critical gain coefficient is one to two orders of magnitude greater than the highest values reported for gap THG systems.
